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Introduction

In two previous papers (Tallis 1985, 1987), the effects
of assortative mating (“assortation™) and selection on
additive genetic variances and covariances were exam-
ined. The arguments were sufficiently gneral to allow
for the simultaneous treatment of several characters.

It is the purpose of this paper to extend this work
by developing results which allow the joint effects of
selection and assortation on genotypic and phenotypic
variances to be assessed. Additional analyses also ex-
amine effects on genetic gains and on the covariances
between the most important relatives. Only a single
character is treated, since it is the case of prime
interest. This allows the development to be simple and
assists the display of ideas and results. The treatment
of multiple characters is covered in a subsequent pa-
per.

Studies such as these are important for at least two
reasons: (1) it is useful to be able to assess the joint nu-
merical effects of selection and assortation on genetic
gains — there is no point in making the extra effort to
mate assortatively after selection if the increase in
genetic gains will be marginal; and (2) it may be re-
quired to estimate panmictic, phenotypic, and genetic
variances from a population subjected to one or both
of the processes. This sort of calculation was first un-
dertaken by Fisher (1918) and the steps are given by
Crow and Kimura (1970). Fisher showed that esti-
mates of heritability of stature in man need to be cor-
rected for positive assortation amongst the parents to
reduce them to a panmictic equivalent.

Notation and basic results

A great deal of the notation and ideas of earlier papers
will be used here. Thus, the processes of selection and
assortation will be set in motion at generation zero, and
additive genetic means and variances are examined at
generation n+ 1. The analysis is based on a simple
pedigree structure where an individual’s parents, grand-
parents, and so on are subjected to the processes:
Consider the pedigree

Pnl Pn2
~~"

Pn+l

where P, and P,, are the parents of individual P,
at generation n + 1. Let the attendant phenotypic and
additive genetic values be py;, gni and pp+i1> Zn+1-
Measurements are deviations from the generation mean
and

V[pni] =Py, V[gni] = Gy;
VIpn+11=Pus1, VIga+1]= Gus1.

At generation zero, prior to mating, selection is prac-
ticed on males and females in such a way that, if 1 refers
to males and 2 to females, Py changes to (1+ k;) Py,
1=1, 2. This notation was first introdcued by Bulmer
(1971), and it will be used here; notice that it allows for
different selection pressures in the two sexes.

After selection, phenotypic assortative mating is in-
troduced whereby the correlation between pg; and pyg,
cor[por» Pe2], is m,. The parameter m,, is usually con-
sidered an invariant of the system so that, for instance,
cOr [Pa1, Pn2z] = m, also. This assumption is not man-
datory as we shall see later. In any case,

VIpn + Pa2]l =2P,[1+k+1+k; 1+k; my)

=2P,+2P,y, say 1)
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where
Ez(k1+k2)/2, y=[E+/1+k1 1+k2 mp].

Note that not only m, but the k; are considered
invariant above. Again, this restriction will be re-
moved.

Consider now the model

go+1=3 @ +em)+e El]=0, V[E]=Go2 (2

which holds under reasonable conditions and which is
independent of the fate of additive genotype further
back in the pedigree (Tallis 1987). It is also assumed that

gni = h% Pni + &n (3)
where
hi=G,/P,, Elen]=0, V[eg]=Gn(l1-h3)
and that

h;
Zn+1 '__—2" (pnl + an) + 5n (4)
where

E[6,)=0 and V[3,]=7 (Go+ G,— hiP,).

If pa1 and p,; are subjected to selection followed by
assortation

h4
Vign+1]=Gnsi =f[2Pn+2PnV]+V[5n]

Gn G(] Y
=— 4 — 4+ G, hi .
L+ "+ Gehi ®)
Subtracting Gy from both sides and putting G, — Gy

= D,, the “disequilibrium variance”,

D & )

Das1 == +Gyhi2-=»3 270+ 1-0Gin2. (6)

2 25,

[t is not necessary that k;, k; and m, remain constant

from generation to generation. In fact, if P, changes to
(I +ky) Py,i=1,2,and cor[pni, pn2] = myy, let

’n= (Kn+ V1+kn] V1+kn2 Innp)-
Then

Tn

D,
Dn i =7+Gnhﬁ >

n
=2 27D Ghly,. @)
i=0
This result can be argued in the same manner as Bul-
mer (1971). At G, the disequilibrium variance as a
result of selection and assortation at Gy, D, is
1 Goh3 7 which contributes 2~ ®*D Gy h 74 to Dy, ;.
Similarly, at G;,, the increase in disequilibrium vari-
ance due to selection and assortation at G, is G; h? »,/2
which contributes 2-®@*!1=D G, h?y; to D,,,. Sum-
ming from i = 0 to i = n gives the required formula.

Now, provided y, tends to a limit, say %, the equilib-
rium equation is

D=5Gh%, h?=G/P, G=Go+D, P=Py+D

with solution ®)

D=Py{27hf~1+[1—-47h§(1-h})]"}/2(1-7) ()
(see Bulmer (1971) Eqn. 19).

Equilibrium covariance between relatives

The effect of both selection and assortation on the co-
variance between full-sibs, half-sibs and parent-off-
spring will now be derived with the aid of “transfer
systems”, which were introduced and extensively used
in Tallis (1985). These systems will not be discussed
here in detail, but their basic property is described
below.

Let {X;, X5,...,X,} be a set of random variables
satisfying the conditions of a transfer system, T.S., then

CX)1, Xal= C[X;, Xo] V[X,] 7' C[X;, X5] V[X3] !
. C[ X1, Xal. (10)

To analyse the following pedigrees, one requires
two T.S.s: (1) the mating T.S. (M.T.S.), (2) the pedi-
gree T.S. (P.T.S.).

For full-sibs and parent-offspring the M.T.S. is that
governing phenotypic assortative mating, namely S, =
{n1> Pals Pn2> 8n2} at generation n. Half-sibs require,
in addition to S;,, a special M.T.S. which will be given
later. The T.S.’s used here are those used in the 1985
paper, and the assumption is that these systems are per-
tinent, even in the presence of selection and assortation.

Define the following quantities

G=G0+D, p=P0+D, FlzzG/p,
VIl =Gi=G+Ghlk, V[pyl=Pi=(1+k)P,
c[goiaﬁoi]=ﬁ2i)17 1=1a2

The formula for Cg is found from S, by using (10)
with the above results and going to equilibrium values,
while G; and C{[gg;, Poi] follow from the assumed
model g=h2p+e, p and ¢ independent and V[e]=

G (1 - h2).
Full-sibs

P P - ~ A ~
o 02 M.T.S. Sy = {801, Poi> Pozs Bo2}
i
{P

Py, Piz P.T.S 15 811> 812, P12}



CIS, S]=C[p11, P2l = Cpu1, 81l VIEn]™"

“Cl&n, £12) VI&12] 7' Clg12, Pi2l

GG C[3 (ot + &o)s T (B +2)]G' G
(G + Gy +2C,

Il
FNES C)

I\J|Q>

N+kh2+G1Cy.

Parent-offspring

P A A n oA
Po ~ %2 MTS. S;={&u, Por, Poz, Loz}

P” PTS {1301, glla f)ll}
CIP, 0] = C[poi, 1l = ClPor, &ul VIEn] " Cl8u, Puil
= C[Po1, % (&o1 + &02)]

P, h? .
=IT+%C[901,802]
Pih? . .,
= +5 Cph*  (from Sp)
R . .
='5(P1+Cp)

Half-sibs (Pg;, Po; female, Py, male)
Py Po, Po3
P Py

M.T.S. {&o1, Por. Doz Dos» Bos}
{Zo1» Dor» Pozs Bo2}
{802, Doz, Po3» Bos}
PTS {ﬁll » gll s ngs 1312}
C[3S,581=Clpn, prl=G G C[211, 2] 7' G
= C[3 @a + &02)> 5 (Boz2 + £03)]
=7 (ClBo1 8o2] + ClBor> o3l + V[202]
+ C (802, &os))
=7 (G +2C,+h*P,md).

With minor adjustments these formulae conform
with those of Tallis (1985), Table 1, when selection is
absent. Other pedigrees can be handled similarly, but
complications arise from the application of selection
in each generation. Ensuing formulae are objectionable
and the matter will not be pursued further since the
most useful relationships have been considered. Of
course, results for selection only are obtained by
putting mp, = 0.

Consider, finally, the reverse problem. The param-
eters P and C[P, 0], say, are given and it is required to
calculate G¢ and P,. Note that P and C[P, 0] are both
directly estimable in the equilibrium population.
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Let =)1+k; J1+k; my, C=C[P,0], then
both Gy and Py can be found from the following equa-
tions:

G=2C/(1+k+86) (1)

D=Gh25 m2=G/P; G=Go+D,P=Py+D.

Numerical results and discussion

Equation (4) allows the expected genetic gain under
truncation selection, 4., to be calculated as a function
of m, and the proportions saved of each parent popu-
lation, o; and a;.

e
V2

leads to standardised truncation points, a;, where 1 — o

Thus, putting ¢(x) =

and @ (x) = § B (1) dt

=@(a;), i=1,2.
Hence
Ay=1Puoy hg—lf (12)
where
T=(t(a)) +t(a))/2, t(ay= 1—%.

Since 4, is a function of h§, o, o, and mp, 4y is re-
written as A, (h3, oy, o2, my). The efficiency is then
measured as

En (h(%’ oy, o2, mp) = An(h(z)’ oy, A2, mp)/
An(h§, a1, 22, 0). 13)

Values of E for large n, E,, are given in Table 1.

Table | shows what advantages can be expected
from positive phenotypic assortation. The percent ef-
ficiency rises with the heritability. It also decreases as
the proportion of individuals saved decreases.

Under low intensities of selectton, the genetic gain
using close assortation can be increased from 15% to
50%. However, for selection proportions of 0.2 or less,
the increase in efficiency is at most 5%. These observa-
tions suggest that in sheep and cattle breeding, assorta-
tive mating may be more trouble than it is worth.

It is of some interest to explore the effect on genetic
gain of a number, n;, of generations of assortative mat-
ing without selection, followed by combined assorta-
tion and selection for n, generations, ny + n; = n.

To this end, an interactive computer program has
been written in FORTRAN and source listings are
available from P. Leppard at the above address. Re-
quired input values are n, Py, Gg, oy, o> and n,.
Table 2 gives the results for 5, 1, 0.5, 0.2, 0.2, and 1.
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Table 1. E, (h3, o1, a3, m,) — 100

oy oy m, h3
0.05 0.2 0.4 0.6 0.8 1.0
0.9 0.9 —-1.0 —3.13 —-9.34 —14.12 ~17.08 —18.95 —19.75
—-0.5 —1.61 -5.09 -7.98 —9.84 —11.01 -11.49
0.5 1.72 6.28 11.09 14.59 16.78 17.56
1.0 3.57 14.39 28.44 40.11 47.29 49.55
0.9 0.5 -1.0 -2.23 -6.57 —-9.89 —11.95 ~13.28 —13.87
-0.5 —-1.14 —3.49 -5.39 —-6.59 -17.37 -7.71
0.5 1.19 4.01 6.63 8.42 9.57 10.03
1.0 2.44 8.69 15.12 19.76 22.73 23.83
0.9 0.2 -1.0 -1.73 =511 —7.69 ~9.30 —10.34 —10.81
-0.5 —0.88 —2.67 -4.11 —-5.02 —5.61 —5.87
0.5 0.91 2.97 4.79 6.01 6.80 7.12
1.0 1.85 6.29 10.49 13.40 15.28 16.02
0.9 0.05 -1.0 —1.38 ~4.08 -6.15 —7.45 —8.30 —8.68
-0.5 -0.70 —2.12 —-3.24 —3.96 —-443 —4.63
0.5 0.72 2.29 3.65 4.55 5.14 5.38
1.0 1.45 4.80 7.82 9.87 11.20 11.74
0.5 0.5 - 1.0 —1.57 -4.57 —-6.82 —-8.21 —-9.12 —9.54
—-0.5 - 0.80 -2.38 —-3.61 —4.39 —-4.90 —5.13
0.5 0.83 2.61 4.13 5.13 5.78 6.06
1.0 1.68 5.50 8.92 11.24 12.75 13.38
0.5 0.2 -1.0 —-1.22 —-3.53 —5.25 -6.32 —-7.02 -17.35
—-0.5 —0.62 -1.82 —-2.74 -3.33 —-3.71 —3.88
0.5 0.63 1.95 3.03 373 4.19 440
1.0 1.28 4.05 6.41 7.96 8.99 9.43
0.5 0.05 -1.0 -0.97 —2.80 —4.17 -5.02 —5.58 —5.85
-0.5 —0.49 -1.44 -2.16 —2.62 —-292 —-3.06
0.5 0.50 1.52 2.33 2.86 3.21 3.36
1.0 1.01 312 4.87 6.01 6.76 7.09
0.2 0.2 -1.0 —-0.94 271 —-4.02 —4.83 —-5.37 —5.62
—-0.5 —0.48 —1.39 -2.08 -251 —2.80 —-293
0.5 0.48 1.46 2.24 2.74 3.07 3.22
1.0 0.98 3.01 4.66 5.74 6.45 6.77
0.2 0.05 -1.0 —-0.75 -2.15 —-3.18 -3.82 —4.25 —445
—0.5 —-0.38 —1.09 —1.63 - 1.97 —2.20 —2.30
0.5 0.38 1.14 1.73 2.11 2.36 247
1.0 0.77 2.33 3.57 4.37 4.90 5.14
0.5 0.05 -1.0 —0.59 —1.70 —2.51 -3.02 —3.35 -3.51
—-0.5 -0.30 -0.86 —-1.28 —1.55 -1.72 - 1.80
0.5 0.30 0.89 1.34 1.63 1.82 1.91
1.0 0.61 1.81 2.75 3.34 3.74 393

Table 2. Display produced by computer program with input
(5,1,0.5,0.2,0.2, 1)

Genera- M;=000 M;=100,n,=0 M,=100,n=1
tion

Delta(g) Delta(g) E(g) Delta(g) E(g)
1 0.6999 0.6999 100.00  0.0000 0.00
2 0.5929 0.6238  105.21  0.8248 139.12
3 0.5683 0.6005 105.66  0.6624 116.56
4 0.5625 0.5933 10547  0.6123 108.84
5 0.5612 0.5911 10534  0.5969 106.38
Total
gain 2.9848 31086  104.15  2.6965 90.34

As expected, the generation by generation gains are
generally greater following a period of straight assorta-
tive mating. However, the total progress is greater for
combined assortation and selection starting at genera-
tion zero. This is because in these cases the lack of
progress in generations of no selection is never retrieved
in spite of increased gains in subsequent generations.

It should be noted that column 2 of Table 2 cor-
responds to Table 1 of Bulmer (1971). Table 2 of Smith
and Hammond (1987) can also be obtained using this
program with specifications n=2, my=1 and the
appropriate choices of a,, , and h2.
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